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A complex canonical transformation is found that takes the fourth order derivative Pais-Uhlenbeck
oscillator into two independent harmonic oscillators thus showing that this model has energy
bounded from below, unitary time-evolution and no negative norm states, or ghosts. Such trans-
formation yields a positive definite inner product consistent with reality conditions in the Hilbert
space. The method is illustrated by eliminating the negative norm states in a complex oscillator.
Extensions to other higher order mechanical models and field theory are discussed.
PACS numbers: 03.65.Ca, 04.60.-m, 11.10.Ef, 11.30.Er
Introduction. Including higher derivatives in field the-
ories was originally considered to improve their diver-
gent ultraviolet behavior [1]. Unfortunately their energy
turned out not bounded from below [2], involving then
ghosts, and making the theory non-unitary [3]. In spite
of such sickness higher derivative theories were still stud-
ied to learn on their improved renormalization properties.
Even a renormalizable higher order quantum gravity the-
ory was advanced along these lines [4] and the unitarity of
a lattice form was studied in [5] (see also [6, 7, 8, 9, 10, 11]
and references there for other examples). As for deal-
ing with ghosts attempts can be classified according to
whether the approach is perturbative [14, 15, 16] or not
[6, 8, 17], but a definite answer is yet to be found.
It is usually rewarding to study mechanical models in-
stead of field theories to test new ideas and the higher-
order derivative feature is not the exception. The model
example to do so is the Pais-Uhlenbeck (PU) oscillator
[2] which consists of a one dimensional harmonic oscil-
lator Lagrangian plus a term quadratic in acceleration.
A direct quantum treatment of the associated degrees
of freedom gives rise to a spectrum not bounded from
below since it consists of the difference of two quantum
harmonic oscillators spectra [2]. An interesting solution
to such difficulty has been recently proposed in [12] by
finding a quantum transformation which gives its Hamil-
tonian a non-hermitian, PT symmetric form. In this ap-
proach a technique has been developed to obtain a phys-
ical inner product and thus a Hilbert space [13]. Some
open problems with such a treatment, applied to the PU
oscillator in [12], include: (i) the hermitic properties of
the final variables are not established in terms of the
defined inner product, (ii) an abnormal PT behavior is
required for the intermediate canonical variables, (iii) the
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lack of a systematic approach to find the corresponding
PT symmetric version for other higher-order derivative
models and (iv) its extension to field theories.
The aim of this Letter is to show that it is possible
to tackle (i)-(iv) within a canonical approach. The lat-
ter is motivated by a previous proposal to build com-
plex canonical variables for non-perturbative quantum
canonical general relativity [18, 19], which achieved the
nontrivial task of making polynomial the constraints of
general relativity whereas the so called reality conditions
to be fulfilled by the non-hermitian variables were pro-
posed to determine the inner product of Hilbert space.
For canonical general relativity such reality conditions
imply the metric of space and its rate of change are real
quantities. Some effort was devoted to exploit these com-
plex variables (see for instance [20, 21, 22]) however the
use of real variables allowed finally for important progress
[23, 24]. For the sake of clarity we review below an exam-
ple which yields an ordinary harmonic oscillator upon a
complex canonical transformation [18]. Although this is
not a higher-order derivative problem it exhibits negative
norm states. We will show below that the fourth order
derivative Pais-Uhlenbeck model can be treated similarly.
Unless otherwise stated we use units in which ~ = 1.
The complex harmonic oscillator. Our analysis is much
easily introduced by reviewing the example of a modi-
fied harmonic oscillator subject to a complex canonical
transformation [18, 19]. Indeed this case has also been
studied in a form that exploits the PT symmetry in the
framework of the non-hermitian hamiltonian approach
[13, 25, 26].
Our starting point is the simple observation that the
complex Lagrangian
LC =
q˙2
2
− q
2
2
− iǫqq˙ , (1)
where ǫ is a real parameter, becomes the one correspond-
ing to the harmonic oscillator after adding to it the total
time derivative dfC
dt
, fC = iǫ
q2
2 . In the Hamiltonian de-
2scription the canonical momentum is
p =
∂LC
∂q˙
= q˙ − iǫq , (2)
so p ∈ CI and the quantum Hamiltonian becomes
HˆC =
pˆ2
2
+
qˆ2
2
− 1
2
ǫ2qˆ2 +
iǫ
2
{pˆ , qˆ} , (3)
where {pˆ, qˆ} = pˆqˆ + qˆpˆ so that a symmetric ordering is
selected. Upon the canonical transformation pˆ = Pˆ−iǫQˆ,
qˆ = Qˆ, with Pˆ = dQˆ
dt
, the Hamiltonian (3) becomes the
standard one of the harmonic oscillator HˆHO =
Pˆ 2
2 +
Qˆ2
2 ,
which is hermitian whenever Qˆ and Pˆ are.
The coordinate representation
qˆ = q , pˆ = −i d
dq
, (4)
leads to a non-hermitian form of the Hamiltonian (3)
with the usual scalar product [27]. The corresponding
Schro¨dinger equation becomes
ψ′′( q)−2ǫ q ψ′( q)−((1− ǫ2)q2 + ǫ − 2E)ψ( q) = 0 . (5)
Hence the eigenvalue problem for (3) can be related to
that of the harmonic oscillator by using the wave func-
tions of the latter ϕn = Nne
−
q2
2 Hn(q) and defining
ψn( q) := e
ǫq2
2 ϕn , En = n+
1
2
, n = 0, 1, 2 . . . . (6)
A tedious but otherwise direct calculation shows that
the eigenfunctions ψn do not have positive norm in the
Hilbert space H0 = L2(IR, dq) [28]. However, the classi-
cal role of fC as the generator of a canonical transforma-
tion motivates the introduction of a quantum similarity
transformation such that (see for example [29] for a gen-
eral discussion)
HˆHO = e
−ǫ
q2
2 HˆC e
ǫ
q2
2 . (7)
This non-unitary canonical transformation changes the
measure dq to dµ = e−ǫq
2
dq. Now the Hilbert space
H = L2(IR, dµ) ensures (6) have positive norm since
〈n|m〉µ :=
∫
dq e−ǫq
2
ψ∗nψm
=
∫
dq ϕ∗nϕm =: 〈n|m〉1 = δmn , (8)
where subscripts denote the appropriate measure for the
correspondent Hilbert space.
Moreover, the reality conditions q† = q , p† = p +
2iǫq, induced by the canonical transformation, are im-
plemented in H and make the Hamiltonian (3) hermitian
[19].
Now, among the possible methods to deal with non her-
mitian variables the quantum action principle is particu-
larly useful in regard to the dynamics [30]. In what fol-
lows we use pˆ|p′〉 = p′|p′〉 and its adjoint form 〈p′′∗|pˆ† =
〈p′′∗|p′′∗, to handle the non-hermitian momentum. The
resulting propagator takes the form
〈p′∗, t | p′′, t = 0〉 = AeiB(p
′′2+p′∗2)−2p′′p′∗
C , (9)
A =
1√
2πi
√
1
(ǫ2 + 1) sin(t) + 2iǫ cos(t)
, (10)
B = cos(t)− iǫ sin(t)) , (11)
C = 2((ǫ2 + 1) sin(t) + 2iǫ cos(t)) , (12)
whose equal time and ǫ→ 0 limit leads to δ(p′′− p′∗), as
it should be. The bracket corresponding to the change of
basis is readily shown to be
〈P |p〉 =
√
1
2πǫ
e−
1
2ǫ (p−P )
2
, (13)
which allow us to relate the propagator expressed in
terms of hermitian variables, (Pˆ , Qˆ), with that written
in terms of non-hermitian ones, (pˆ, qˆ), as follows
〈p∗, t2|p′, t1〉 = 1
2πǫ
∫
dPdP ′ e−
1
2 ((p
∗−P ′)2+(p′−P )2)
〈P ′, t2|P, t1〉 . (14)
The completeness relation in the non-hermitian descrip-
tion results∫
d2p µ(p, p∗) |p〉〈p∗| = 1 , µ = 1√
πǫ
e+
1
4ǫ (p−p
∗)2 . (15)
Thus far we can summarize the analysis of the model as
follows. We provided a complex canonical transforma-
tion taking the complex harmonic oscillator (3) into the
ordinary harmonic oscillator so that complex variables
fulfill reality conditions in the Hilbert space H consis-
tently with the canonical transformation. Neither PT
symmetry nor an abnormal version of it has been invoked
[12]. The states (6) possess positive definite norm in H
and a unitary time evolution follows from the canonical
transformation. Now we proceed with the higher order
derivative model.
The Pais-Uhlenbeck oscillator. Let us start now from
the PU oscillator Lagrangian
LPU = −1
2
x¨2 +
(ω21 + ω
2
2)
2
x˙2 − ω
2
1ω
2
2
2
x2 , (16)
where we assume from now on ω1 > ω2. LPU is connected
to
Lξ =
1
2
ξ˙1
2 − ω
2
1
2
ξ21 +
1
2
ξ˙2
2 − ω
2
2
2
ξ22 , (17)
3for real ξi, i = 1, 2, by the following relations
LPU +
df
dt
= Lξ , (18)
f = −x˙x¨ , (19)
ξ1 = i(ax+ bx¨) , (20)
ξ2 = cx+ bx¨ . (21)
By choosing a, b, c to be real we see that x is necessarily
complex. To accomplish (18) the following values are
obtained, for which the same sign should be used,
a
ω22
= b =
c
ω21
= ± 1√
ω21 − ω22
. (22)
In other words, according to (18), LPU in (16) fails to be
the real Lξ in (17) only by a time derivative. Note that
f will give rise to the corresponding canonical transfor-
mation once it is expressed in terms of phase space vari-
ables which we now derive. According to Ostrogradski’s
method applied to (16) we get
Πx = (ω
2
1 + ω
2
2)x˙+
...
x , (23)
z = x˙ , (24)
Πz = −x¨ , (25)
so that {x,Πx} = 1 and {z,Πz} = 1. Clearly f = zΠz.
The quantum Hamiltonian is
HˆPU = −1
2
Πˆ2z−
ω21 + ω
2
2
2
zˆ2+
1
2
{
zˆ, Πˆx
}
+
ω21ω
2
2
2
xˆ2 . (26)
Using the afore mentioned transformation we have
xˆ = ibξˆ1 + bξˆ2 , (27)
Πˆx = iaPˆ1 + cPˆ2 , (28)
zˆ = ibPˆ1 + bPˆ2 , (29)
Πˆz = icξˆ1 + aξˆ2 , (30)
where Pˆi, i = 1, 2, are the canonical momenta corre-
sponding to ξˆi obtained from (17). In terms of these
hermitian variables the hamiltonian (26) takes the form
Hˆξ =
Pˆ 21
2
+
ω21
2
ξˆ21 +
Pˆ 22
2
+
ω22
2
ξˆ22 . (31)
So, starting from a Hamiltonian that is not bounded from
below a well defined Hamiltonian in terms of Pi and ξi is
obtained. Notice that in [12] it is acknowledged there ex-
ists a similarity transformation relating the original PU
oscillator with a couple of independent harmonic oscil-
lators similar to our case. Nevertheless a further trans-
formation has to be supplied in [12] to obtain the right
frequencies for the oscillators [31].
The propagator for the PU model obtained by
Schwinger’s formalism takes the form
〈x′∗,Π′∗z , t|x,Πz, t = 0〉 = exp
{
i
D
{
F (x′∗Πz + xΠ
′∗
z )
+GΠzΠ
′∗
z + J (x
′∗Π′∗z + xΠz) +K
(
Π′∗2z +Π
2
z
2
)
+Mxx′∗ +N
(
x′∗2 + x2
2
)}}
, (32)
with D,F,G, J,K,M,N , being the following functions of
t:
D = (ω21 − ω22) sin(ω1t) sin(ω2t),
F = ω1 sin(ω1t) + ω2 sin(ω2t),
G = −ω2 sin(ω1t)− ω1 sin(ω2t),
J = −ω1 sin(ω1t) cos(ω2t) +ω2 sin(ω2t) cos(ω1t),
K = ω2 sin(ω1t) cos(ω2t)−ω1 sin(ω2t) cos(ω1t),
M = −ω31 sin(ω1t)− ω32 sin(ω2t),
N = ω31 sin(ω1t) cos(ω2t)−ω32 sin(ω2t) cos(ω1t) .(33)
Just as in the previous case of a complex harmonic oscil-
lator the PU propagator (32) can be related to the one
corresponding to the hamiltonian (31) [28] by using the
change of basis
〈P1, P2|x,Πz〉 = exp [(ax− bΠz)P1 + (−icx+ ibΠz)P2] .
(34)
The basis |x,Πz〉 is complete with the measure
dµ
PU
=
dαdβdγd̺
(2π)2
δ(bγ − aα)δ(b̺− cβ), (35)
Here x = α+ iβ and Πz = γ+ i̺ where α, β, γ, ̺ are real.
Discussion. In this Letter we have advanced a de-
scription of the four-order derivative PU oscillator (16)
based on a complex canonical transformation (27)-(30)
that connects it with two decoupled harmonic oscillators
(31) with just the corresponding frequencies ω1 and ω2,
appearing in (16). This shows that the PU oscillator is
ghost-free, has energy bounded from below and its time
evolution is unitary. Our treatment was motivated by
the use of complex variables for non-perturbative canon-
ical quantum general relativity [18, 19] that simplified
form of its constraints. The reality conditions were im-
plemented in the Hilbert space. A simpler model leading
to an ordinary harmonic oscillator was first described to
illustrate the features of the complex canonical transfor-
mation. Finally the method was extended to the truly
higher-order derivative PU oscillator.
We propose to generalize our approach to other me-
chanical quadratic higher-order derivative models by fol-
lowing (18)-(21). Let us consider a system whose La-
grangian contains up to the n-th order time derivative in
a quadratic form. Such a Lagrangian, L(x, x˙, . . . , x(n)),
where x(k) = d
kx
dtk
, yields an equation of motion of order
(2n)
n∑
k=0
(−1)k d
k
dtk
∂L
∂x(k)
= 0 . (36)
4Assuming x and hence L to be real leads to the well
known problems of the higher-order derivative mod-
els. However as shown in this work the introduction
of complex (non-hermitian) variables leads to their res-
olution. Specifically we assume the complex description
can be related to another in terms of a real Lagrangian
Lξ(ξ1, ξ˙1, . . . , ξn, ξ˙n) through
L(x, x˙, . . . , x(n)) +
df
dt
= Lξ(ξ1, ξ˙1, . . . , ξn, ξ˙n) , (37)
f = f(x, . . . , x(n)) (38)
ξi = ξi(x, . . . , x
(n)), i = 1, . . . , n .(39)
Here ξi, i = 1, . . . , n are real coordinates and only their
first order time derivatives ξ˙i in a quadratic form enter
in Lξ. In general f will be complex. The ξi select the
real sector of the complexified model. A complete sys-
tematic analysis is obviously required and it is currently
in progress [28].
As for the case of a quadratic higher-order derivative
free scalar field model our approach works similarly. The
following Lagrangian density
L = −1
2
(φ)2 +
m21 +m
2
2
2
∂µφ∂
µφ− m
2
1m
2
2
2
φ2 , (40)
is related to
Lψ = 1
2
∂µψ1∂
µψ1−m
2
1
2
ψ21+
1
2
∂µψ2∂
µψ2−m
2
2
2
ψ22 , (41)
by
L+ ∂µfµ = Lψ , (42)
fµ = −φ∂µφ , (43)
ψ1 = i(aφ+ bφ) , (44)
ψ2 = cφ+ bφ , (45)
with a, b, c having the same form as in the PU model (22)
except for the replacing ωi → mi, i = 1, 2. Clearly (41)
is ghost-free. Thus our approach looks promising [28]
even in the interacting case including a term of the type
(φφ∗)2 = − 1(c−a)4 (ψ21 + ψ22)2 [6, 9].
Our analysis of the PU oscillator is an alternative to
that of [12] based on non-hermitian but PT symmet-
ric Hamiltonians. We consider that our method has the
following advantages: 1) it is based on non-hermitian
variables satisfying reality conditions arising from (27)-
(30) that make the higher-order Hamiltonian hermitian
in the appropriate Hilbert space with measure (35), 2)
no PT symmetry is required, 3) it can be translated into
a free higher-order field theory without difficulty. Al-
though promising the interacting case requires further
study. And finally 4) it seems possible to extend the
method at least to quadratic higher-order derivative me-
chanical models.
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